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ON THE OBSTRUCTIONS OF DEFORMING VECTOR FORMS
WEI XIA
Abstract. In this note, we show that the obstruction classes of deforming vector
forms on a compact Ka¨hler manifold is annihilated by cohomology classes.
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1. Introduction
LetX be a compact Ka¨hler manifold, then a well-known theorem of Clemens [Cle99,
Thm. 10.1] says that the obstruction classes of deforming the complex structure on X
is annihilated by cohomology classes:
{obstructions} ⊆ ker
{
H2(X,T 1,0) −→
⊕
r,s
Hom (Hr,s(X),Hr−1,s+2(X))
}
.
See [Man04] for an algebraic proof of this result from the DGLA point of view. The
main objective of this note is to prove an analogue of this theorem in the case of
deforming vector forms on Ka¨hler manifolds. In fact, denote by C{t} be the ring of
convergent power series in t ∈ CN , m the maximal ideal of C{t} and q ⊆ p ⊆ m be
proper ideals, we have
Theorem 1.1. Let φ = φ(t) ∈ A0,1(X,T 1,0) ⊗ m be a deformation of the compact
Ka¨hler manifold X over Spec
C{t}
q
. Assume σ ∈ A0,q(X,T 1,0)⊗C{t} is a deformation
of [y] ∈ H0,q
∂¯
(X,T 1,0) on SpecC{t}
p
with q ⊆ p ⊆ m, then we have
i[φ,σ]ω0 = 0 ∈ H
r−1,s+q+1
∂¯
(X) ⊗
p
mp
,
for any ω0 ∈ H
r,s(X).
This result can also be intuitively reformulated as follows:
{obstructions} ⊆ ker
{
Hq+1(X,T 1,0) −→
⊕
r,s
Hom (Hr,s(X),Hr−1,s+q+1(X))
}
.
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We note that the Ka¨hler assumption is not necessary here. In order that Theorem 1.1
to hold, it is enough to assume the deformations of (p, q)-forms onX are unobstructed.
This will be clear from the proof given in Section 3.
2. Background and terminology
In this section, we review some background material and set up our terminology
that will be used afterwards.
By definition [Cat13], a deformation of a compact complex space X is a flat
proper morphism pi : (X ,X0) → (B, 0) between connected complex spaces with
X0 := pi
−1(0) ∼= X and a germ of deformation is called a small deformation. In
this paper, we will only consider small deformations of compact complex manifolds
and simply call these deformations.
Denote by C{t} be the ring of convergent power series in t ∈ CN and m the maximal
ideal of C{t}. For any proper ideal q ⊂ m, the analytic spectra SpecC{t}
q
of the analytic
algebra C{t}
q
is the analytic singularity (CN , 0, q) [Man05, pp. 36]. Equivalently, The
(small) deformation pi : (X ,X0)→ (B, 0) may be given by φ ∈ A
0,1(X,T 1,0)⊗m such
that ∂¯φ− 12 [φ, φ] ∈ A
0,2(X,T 1,0) ⊗ q and (B, 0) = SpecC{t}
q
as analytic singularities.
Let φ ∈ A0,1(X,T 1,0) ⊗ m be a deformation of X over SpecC{t}
q
and q′ be a proper
ideal of C{t} such that mq ⊆ q′ ⊆ q ⊆ m, we say φ has an extension from SpecC{t}
q
to SpecC{t}
q′
if there exists α ∈ A0,1(X,T 1,0)⊗ q such that φ−α is a deformation over
Spec
C{t}
q′
. [φ, φ] ∈ H2(X,T 1,0)⊗ q
mq
is called the obstruction class.
Denote the space of harmonic (p, q)-forms by Hp,q(X). Let φ ∈ A0,1(X,T 1,0) ⊗ m
be a deformation of the compact Ka¨hler manifold X over SpecC{t}
q
. The theorem of
Clemens [Cle99, Thm. 10.1] says that
i[φ,φ]ω0 = 0 ∈ H
r−1,s+2
∂¯
(X)⊗
q
mq
,
for any ω0 ∈ H
r,s(X).
In our previous work [Xia19], a deformation theory is established for Dolbeault
cohomology classes valued in holomorphic tensor bundles. In this paper, we will
concentrate on the case of tangent bundle, i.e. deformations of vector forms. For
our purpose, we may reformulate the definition for deformations of vector forms as
follows. Let φ ∈ A0,1(X,T 1,0) ⊗ m be a deformation of X over SpecC{t}
q
and p be a
proper ideal of C{t} such that q ⊆ p ⊆ m. For any [y] ∈ H0,q
∂¯
(X,T 1,0), a deformation
of [y] (w.r.t. φ ) on SpecC{t}
p
is given by σ ∈ A0,q(X,T 1,0)⊗ C{t} such that
1. σ − y = 0 ∈ H0,q
∂¯
(X,E) ⊗ C{t}
m
;
2. ∂¯φσ := ∂¯σ − [φ, σ] ∈ A
0,q(X,E) ⊗ p.
Likewise, let σ ∈ A0,q(X,T 1,0)⊗m be a deformation of [y] ∈ H0,q
∂¯
(X,T 1,0) on SpecC{t}
p
and p′ be a proper ideal of C{t} such that q ⊆ mp ⊆ p′ ⊆ p ⊆ m, we say σ has an
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extension from SpecC{t}
p
to SpecC{t}
p′
if there exists β ∈ A0,q(X,T 1,0) ⊗ q such that
σ − β is a deformation over SpecC{t}
p′
. [φ, σ] ∈ Hq+1(X,T 1,0) ⊗ p
mp
is called the
obstruction class. Indeed, we have modulo mp,
∂¯[φ, σ] = [∂¯φ, σ]− [φ, ∂¯σ]
≡
1
2
[[φ, φ], σ] − [φ, [φ, σ]]
=
1
2
[[φ, φ], σ] −
1
2
[[φ, φ], σ]
= 0.
On the other hand, if there exists β ∈ A0,q(X,T 1,0)⊗q such that ∂¯σ− [φ, σ]− ∂¯β ∈ p′,
then σ − β is a extension of σ from SpecC{t}
p
to SpecC{t}
p′
.
The following result will be essential for us:
Proposition 2.1. Let X be a compact Ka¨hler manifold and φ = φ(t) ∈ A0,1(X,T 1,0)⊗
m be a deformation of the compact complex manifold X over Spec
C{t}
q
. Then given
any ω0 ∈ H
r,s(X), there exists a deformation ω ∈ Ap,q(X)⊗C{t} of ω0 on Spec
C{t}
q
.
Proof. This follows from the fact that the deformations of (p, q)-forms on Ka¨hler
manifolds are unobstructed, see [Xia19, Thm. 8.1] or [Cle99, Thm. 10.1]. 
Furthermore, we recall the following useful formula from [LRY15, Lem. 3.2]:
(2.1) [L1,0φ , iψ ] = L
1,0
φ iψ − (−1)
k(l−1)iψL
1,0
φ = i[φ,ψ],
for any φ ∈ A0,k(X,T 1,0), ψ ∈ A0,l(X,T 1,0). See also [Xia18, Lem. 3.7].
3. Main result
Lemma 3.1. Let φ = φ(t) ∈ A0,1(X,T 1,0) ⊗ m be a deformation of any compact
complex manifold X over Spec
C{t}
q
. Then
Hp,q(X) ∩ Im ∂¯φ(t) = 0.
Proof. See the proof of [Xia19, Thm. 8.1]. In fact, let t ∈ SpecC{t}
q
be fixed and
consider the family of vector spaces Hp,q
φ(s)(X) ∩ Im ∂¯φ(t). We may apply the upper
semi-continuity theorem of Kodaira-Spencer to the analytic family of operators φ(s).
For any s ∈ SpecC{t}
q
sufficiently near to t we have
dimHp,q
φ(s)(X) ∩ Im ∂¯φ(t) ≤ dimH
p,q
φ(t)(X) ∩ Im ∂¯φ(t) = 0.
The conclusion then follows this inequality by setting s = 0 and the fact thatHp,q(X)∩
Im ∂¯φ(t) = H
p,q
φ(0)(X) ∩ Im ∂¯φ(t). 
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Theorem 3.2. Let φ = φ(t) ∈ A0,1(X,T 1,0) ⊗ m be a deformation of the compact
Ka¨hler manifold X over Spec
C{t}
q
. Assume σ ∈ A0,q(X,T 1,0)⊗C{t} is a deformation
of [y] ∈ H0,q
∂¯
(X,T 1,0) on SpecC{t}
p
with q ⊆ p ⊆ m, then we have
i[φ,σ]ω0 = 0 ∈ H
r−1,s+q+1
∂¯
(X) ⊗
p
mp
,
for any ω0 ∈ H
r,s(X).
Proof. Given any ω0 ∈ H
r,s(X), let ω be a deformation of ω0 on Spec
C{t}
q
as assured
by Proposition 2.1. We compute modulo mp,
∂¯iσω = i∂¯σω + (−1)
q−1iσ ∂¯ω
(∂¯ω − L1,0φ ω ∈ q ⊆ mp) ≡ i∂¯σω + (−1)
q−1iσL
1,0
φ ω
( use (2.1) ) = i∂¯σω − i[φ,σ]ω + L
1,0
φ iσω
= i∂¯σ−[φ,σ]ω + L
1,0
φ iσω
(∂¯σ − [φ, σ] ∈ p and ω − ω0 ∈ m) ≡ i∂¯σ−[φ,σ]ω0 + L
1,0
φ iσω
= ∂¯iσω0 − i[φ,σ]ω0 + L
1,0
φ iσω,
which implies
i[φ,σ]ω0 + ∂¯φiσω ≡ ∂¯iσω0.
The conclusion then follows from Lemma 3.1. 
We remark that Theorem 3.2 still holds if we only assume the deformations of (p, q)-
forms on X (possibly non-Ka¨hler) are unobstructed. Furthermore, if the canonical
bundle KX of X is trivial, then
(3.1) Hq+1(X,T 1,0) −→ Hom (Hn,0(X),Hn−1,q+1(X)) : ξ 7−→ iξ
is an isomorphism, we recover the following result from [Xia19, Thm. 8.4]:
Corollary 3.3. Let X be a Calabi-Yau manifold, then the deformations of T
1,0
X -valued
(0, q)-forms on X are unobstructed.
In particular, we see that if KX is trivial and dimH
n,0(X) is a deformation invari-
ant of X (which is equivalent to the condition that deforming (n, 0)-forms on X is
unobstructed by [Xia19, Coro. 1.2]) then the deformations of T 1,0X -valued (0, q)-forms
on X are unobstructed.
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